Abstract: Quadratic pupils representing Gaussian apodization and defocus are expanded into Zernike polynomials. Combinations of the pupil expansion coefficients are used, in turn to expand the Optical Transfer Function into a novel set of basis functions.
Introduction
The Optical Transfer Function(OTF) is a versatile metric of the performance of optical systems. In earlier research, a technique for decomposing the complex pupil function of the system into Zernike polynomials was developed. The expansion coefficients (and their complex conjugates) for this pupil function decomposition were then used to form a linear expansion of the OTF into a novel set of basis functions. [1] [2] [3] The advantage of this technique is that the complex pupil function is used so that both apodization and wavefront error can be assessed and that the form of the pupil function is directly connected to the components of the OTF. This technique has applications in aberration theory, lens design and optimization. Here, the pupil function is restricted to having a quadratic form, meaning that only Gaussian apodization in the presence of defocus is considered. The pupil decomposition coefficients and subsequently the OTF expansion can be solved analytically. For useful apodization and defocus levels, these expansions also converge rapidly.
Methods
The pupil function ( ) of a rotationally symmetric optical system is in general a complex function. Here, is the normalized radial coordinate. The magnitude of the pupil function describes the pupil apodization or transmission as a function of position. The argument of the pupil function describes the wavefront error of the system. The OTF for rotationally symmetric systems was first described in [1] . The techniques were then expanded to the non-rotationally symmetric case in [2] [3] . Here, a subset of rotationally symmetric pupil functions with the form
where ( ) is the cylinder function defining the unit pupil and = −2 20 + 20 , is a complex constant. The constant 20 is the amount of defocus in units of waves in the system. The constant 20 is the Gaussian apodization factor. Following [1] , the pupil function is decomposed into a set of rotationally symmetric Zernike radial polynomials such that
where 0 are the expansion coefficients, 0 ( ) are the rotationally symmetric Zernike radial polynomials and N is the maximum order of the polynomials. [4] The expansion coefficients are then given by
The expansion coefficients b n0 are in general complex valued. The index n must be even due to the constraints on the Zernike Radial polynomials. The linear expansion of the OTF is then given by 
and +1, ′ +1,0 ( ) are a set of rotationally symmetric basis functions (G-Functions) derived in [1] . Note, in previous reports, these were described in the form +1, ′ +1,0 (−1, ). Here, the −1 in the argument will be dropped since it is only an artifact of the derivation of these functions. Table 1 summarizes the first few rotationally symmetric GFunctions. The preceding equations illustrate that the pupil function can be decomposed into a linear expansion with coefficients Table 1 . Rotationally symmetric G-Functions arising for quadratic pupils up to 5 th order.
The factor in Eq. 5 is useful as well, as it converges to the relative transmission of the pupil. This factor enables the number of terms in the expansions required for convergence. In the non-apodized case, will converge to unity. When Gaussian apodization is present, the factor will converge to
The expansion coefficients 0 for a quadratic pupil can be solved for analytically. Boivin [5] gives
Inserting this series expansion into Eq. 3 gives
Using the orthogonality of the Zernike radial polynomials, the expansion coefficients reduce to
Note that the Bessel function in Eq. 8 has a fractional order and, in general, a complex argument. These values, however, are readily calculated with mathematics packages such as MATLAB (MathWorks, Natick, MA), Mathematica (Wolfram, Champaign, IL), as well as coded with numerically stable algorithms. is present = −2 20 and the argument of the Bessel function in Eq. 8 is real. When 20 > 0, the argument of the Bessel is negative and the identity (− ) = ( ) ( ) for positive needs to be used. When only apodization is present = 20 and the argument of the Bessel function in Eq. 8 is purely imaginary. In this case, the identity ( ) = ( 2 ⁄ ) ( ), where ( ) is the modified Bessel function of the First Kind is used. Both of these cases were examined in [1] , but the expansion coefficients were calculated with a series expansion of the pupil function. This series expansion converges for small levels of defocus and apodization, but becomes numerically unstable for large values. These results leverage the numerically stable algorithms already developed for Bessel functions.
Examples
An interesting case not previously examined with this methodology is when defocus is combined with a Gaussian apodized pupil. Mahajan [7] provides a description of the OTF in this case. Fig. 1(a) compares the OTFs calculated with the linear expansion techniques describe here with numerical integration of Mahajan's expressions. In all cases, the defocus is 20 = 2 and the apodization value is 20 = {1, 4, 9}. The modulation values between the two methods match to with 10 −7 . As expected, the Gaussian apodization suppresses the contrast reversal associated with the defocus and the OTF becomes more Gaussian-like with increased apodization. Eq. 5 is used to determine the relative transmission of the pupil. For the cases examined here, the transmissions are 0.432, 0.125 and 0.056 for apodization factors 20 of 1, 4 and 9, respectively. The sum will converge to these values when a sufficient number of expansion terms are used. Fig. 1(b) shows the individual terms of the sum . For all cases, the pupil expansion converges after 10 terms. Fig. 2 also illustrates some of the utility of the OTF expansion technique. When 20 = 1, the terms in the figure are skewed to the right with a peak for the = 8 term. This suggests that higher order (i.e. more oscillatory) are needed to represent the OTF, as is to be expected based on the contrast reversal around = 0.3 seen in Fig. 1(a) for this case. Increasing the apodization factor has the effect of shifting the distribution of the terms to the left, meaning the OTF is progressively represented by smoother GFunctions and the overall OTF is improved. This improvement, however, comes at the expense of the overall transmission of the system which is reflected in the diminishing area under the terms with increased apodization.
An analytic expression for the expansion coefficients for a decomposition of a general quadratic pupil function is derived. The coefficients in turn enable a linear expansion of the OTF into a set of G-Functions. The coefficients relate the effects of defocus and Gaussian apodization directly to the components of the OTF. While most pupil functions assume a uniformly illuminated pupil, Gaussian apodization becomes relevant in systems illuminated with Gaussian beams; in the human eye, where the Stiles-Crawford effect is often modeled with Gaussian apodization [8] ; or in systems requiring the suppression of diffraction rings. [9] The results also have application to systems with annular apertures and zone plates, as well as diffraction efficiency calculation in kinoforms. [10] 
